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JAMES MONROE GERE
1925–2008

James Monroe Gere, Professor Emeritus of  Civil Engineering at Stanford
University, died in Portola Valley, CA, on January 30, 2008. Jim Gere was
born on June 14, 1925, in Syracuse, NY. He joined the U.S. Army Air
Corps at age 17 in 1942, serving in England, France and Germany. After
the war, he earned undergraduate and master’s degrees in Civil
Engineering from the Rensselaer Polytechnic Institute in 1949 and 1951,
respectively. He worked as an instructor and later as a Research Associate
for Rensselaer between 1949 and 1952. He was awarded one of  the first
NSF Fellowships, and chose to study at Stanford. He received his Ph.D. in
1954 and was offered a faculty position in Civil Engineering, beginning a
34-year career of  engaging his students in challenging topics in mechan-
ics, and structural and earthquake engineering. He served as Department
Chair and Associate Dean of  Engineering and in 1974 co-founded the
John A. Blume Earthquake Engineering Center at Stanford. In 1980, Jim
Gere also became the founding head of  the Stanford Committee on
Earthquake Preparedness, which urged campus members to brace and
strengthen office equipment, furniture, and other items that could pose a
life safety hazard in the event of  an earthquake. That same year, he was
invited as one of  the first foreigners to study the earthquake-devastated
city of  Tangshan, China. Jim retired from Stanford in 1988 but continued
to be a most valuable member of  the Stanford community as he gave freely
of  his time to advise students and to guide them on various field trips to
the California earthquake country.

Jim Gere was known for his outgoing manner, his cheerful personality
and wonderful smile, his athleticism, and his skill as an educator in Civil
Engineering. He authored nine textbooks on various engineering subjects
starting in 1972 with Mechanics of Materials, a text that was inspired by his
teacher and mentor Stephan P. Timoshenko. His other well-known text-
books, used in engineering courses around the world, include: Theory of
Elastic Stability, co-authored with S. Timoshenko; Matrix Analysis of
Framed Structures and Matrix Algebra for Engineers, both co-authored with
W. Weaver; Moment Distribution; Earthquake Tables: Structural and
Construction Design Manual, co-authored with H. Krawinkler; and Terra
Non Firma: Understanding and Preparing for Earthquakes, co-authored with
H. Shah.

Respected and admired by students, faculty, and staff  at Stanford
University, Professor Gere always felt that the opportunity to work with

and be of service to young people both inside and outside the classroom was one of his great joys. He hiked
frequently and regularly visited Yosemite and the Grand Canyon national parks. He made over 20 ascents of
Half Dome in Yosemite as well as “John Muir hikes” of up to 50 miles in a day. In 1986 he hiked to the base

Jim Gere in the Timoshenko
Library at Stanford holding a
copy of the 2nd edition of this
text (photo courtesy of Richard
Weingardt Consultants, Inc.)

(Ed Souza/Stanford News Service)

ix
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James Monroe Gere

camp of Mount Everest, saving the life of a companion on the trip. James was an active runner and completed
the Boston Marathon at age 48, in a time of 3:13.

James Gere will be long remembered by all who knew him as a considerate and loving man whose upbeat
good humor made aspects of daily life or work easier to bear. His last project (in progress and now being con-
tinued by his daughter Susan of Palo Alto) was a book based on the written memoirs of his great-grandfather,
a Colonel (122d NY) in the Civil War.

x
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P R E F A C E  T O  T H E  S I  E D I T I O N

xi

Mechanics of materials is a basic engineering subject that, along with statics, must
be understood by anyone concerned with the strength and physical performance of
structures, whether those structures are man-made or natural. At the college level,
statics is usually taught during the sophomore or junior year and is a prerequisite
for the follow-on course in mechanics of materials. Both courses are required for
most students majoring in mechanical, structural, civil, biomedical, petroleum,
nuclear, aeronautical, and aerospace engineering. Furthermore, many students
from such diverse fields as materials science, industrial engineering, architecture,
and agricultural engineering also find it useful to study mechanics of materials.

A FIRST COURSE IN MECHANICS OF MATERIALS
In many university engineering programs today, both statics and mechanics of
materials are now taught in large sections comprised of students from the variety
of engineering disciplines listed above. Instructors for the various parallel sections
must cover the same material, and all of the major topics must be presented so that
students are well prepared for the more advanced courses required by their specific
degree programs. An essential prerequisite for success in a first course in mechan-
ics of materials is a strong foundation in statics, which includes not only under-
standing of fundamental concepts but also proficiency in applying the laws of
statical equilibrium to solution of both two and three dimensional problems. This
eighth edition begins with a new section on review of statics in which the laws of
equilibrium and boundary (or support) conditions are reviewed, as well as types of
applied forces and internal stress resultants, all based upon and derived from a
properly drawn free body diagram. Numerous examples and end of chapter prob-
lems are included to help the student review the analysis of plane and space trusses,
shafts in torsion, beams and plane and space frames and to reinforce basic concepts
learned in the prerequisite course.

Many instructors like to present the basic theory of  say, beam bending, and
then use real world examples to motivate student interest in the subject of  beam
flexure, beam design, etc. In many cases, structures on campus offer easy access
to beams, frames, and bolted connections which can be dissected in lecture, or on
homework problems, to find reactions at supports, forces and moments in mem-
bers and stresses in connections. In addition, study of  causes of  failures in struc-
tures and components also offers the opportunity for students to begin the
process of  learning from actual designs and even past engineering mistakes.
A number of  the new example problems and also the new or revised end-of-
chapter problems in this eighth edition are based upon actual components or
structures and are accompanied by photographs so that the student can see the
real world problem alongside the simplified mechanics model and free body dia-
grams to be used in its analysis.

An increasing number of universities are using rich media lecture (and/or class-
room) capture software in their large undergraduate courses in mathematics,
physics, and engineering and the many new photos and enhanced graphics in the
eighth edition are designed to support this enhanced lecture mode.
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NEW TO THE EIGHTH EDITION OF MECHANICS
OF MATERIALS, SI EDITION
The main topics covered in this book are the analysis and design of structural mem-
bers subjected to tension, compression, torsion, and bending, including the funda-
mental concepts mentioned above. Other important topics are the transformations of
stress and strain, combined loadings and combined stress, deflections of beams, and
stability of columns. Some additional specialized topics include the following: stress
concentrations, dynamic and impact loadings, non-prismatic members, shear centers,
bending of beams of two materials (or composite beams), bending of unsymmetric
beams, maximum stresses in beams, energy based approaches for computing deflec-
tions of beams, and statically indeterminate beams. Review material on centroids and
moments of inertia is presented in Chapter 12.

As an aid to the student reader, each chapter begins with a Chapter Overview
which highlights the major topics to be covered in that chapter, and closes with a
Chapter Summary & Review in which the key points as well as major mathematical
formulas presented in the chapter are listed for quick review (in preparation for
examinations on the material). Each chapter also opens with a photograph of a com-
ponent or structure which illustrates the key concepts to be discussed in that chapter.

Some of the notable features of this eighth edition, which have been added as
new or updated material to meet the needs of a modern course in mechanics of
materials, are as follows:

• Statics review—A new section entitled Statics Review has been added to
Chapter 1. New Section 1.2 includes four example problems which illustrate cal-
culation of support reactions and internal stress resultants for truss, beam, cir-
cular shaft and plane frame structures. Twenty six end-of-chapter problems on
statics provide the student with two and three dimensional structures to be used
as practice, review or homework assignment problems of varying difficulty.

• Expanded Chapter Overview and also Chapter Summary & Review sections–
The Chapter Overview and Chapter Summary sections have been expanded and
now include key equations presented in that chapter. These summary sections
will serve as a convenient review for the student of key topics and equations
presented in each chapter.

• Increased emphasis on equilibrium, constitutive, and strain-displacement/
compatibility equations in problem solutions–Example problem and end-of-
chapter problem solutions have been updated to emphasize an orderly process
of explicitly writing out the equilibrium, constitutive and strain-displacement/
compatibility equations before attempting a solution.

• New/expanded topic coverage—The following topics have been added or have
received expanded coverage: stress concentrations in axially loads bars (Sec. 2.10);
torsion of noncircular shafts (Sec. 3.10); stress concentrations in bending
(Sec. 5.13); and transformed section analysis for composite beams (Sec. 6.3).

• New example and end-of-chapter problems—Forty-eight new example problems
have been added to the eighth edition. In addition, close to 800 of the end-of-
chapter problems are new or revised, out of a total of almost 1200 problems.

Preface to the SI Editionxii
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Preface to the SI Edition xiii

• Review problems—A total of one hundred and nineteen review problems have
been added at the ends of chapters 1 to 11. The student must select from 4
available answers (A, B, C or D), only one of which is the correct answer. The
correct answer choices are listed in the Answers section at the back of this text,
and the detailed solution for each problem is available on the student website.
Solution of these problems will provide the student with a quick check on his
or her mastery of the subject matter presented in that chapter.

EXAMPLES
Examples are presented throughout the book to illustrate the theoretical concepts
and show how those concepts may be used in practical situations. In some cases,
new photographs have been added showing actual engineering structures or com-
ponents to reinforce the tie between theory and application. In both lecture and
text examples, it is appropriate to begin with simplified analytical models of the
structure or component and the associated free-body diagram(s) to aid the student
in understanding and applying the relevant theory in engineering analysis of the
system. The text examples vary in length from one to four pages, depending upon
the complexity of the material to be illustrated. When the emphasis is on concepts,
the examples are worked out in symbolic terms so as to better illustrate the ideas,
and when the emphasis is on problem-solving, the examples are numerical in char-
acter. In selected examples throughout the text, graphical display of results (e.g.,
stresses in beams) has been added to enhance the student’s understanding of the
problem results.

PROBLEMS
In all mechanics courses, solving problems is an important part of the learning
process. This textbook offers more than 1230 problems for homework assignments
and classroom discussions. The problems are placed at the end of each chapter so
that they are easy to find and don’t break up the presentation of the main subject
matter. Also, problems are generally arranged in order of increasing difficulty thus
alerting students to the time necessary for solution. Answers to all problems are
listed near the back of the book. An Instructor Solution Manual (ISM) is available
to registered instructors at the publisher’s web site.

Considerable effort has been spent in checking and proofreading the text so as
to eliminate errors. If  you happen to find one, no matter how trivial, please notify
me by e-mail (bgoodno@ce.gatech.edu). We will correct any errors in the next print-
ing of the book.

UNITS
The International System of Units (SI) is used in all examples and problems. Tables
containing properties of selected structural-steel shapes in SI units may be found
in Appendix E; these tables will be useful in the solution of beam analysis and
design examples and end-of-chapter problems in Chapter 5.
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the many other engineering mechanics textbooks written by each of
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xviii

A area
Af, Aw area of flange; area of web
a, b, c dimensions, distances

C centroid, compressive force, constant of integration
c distance from neutral axis to outer surface of a beam

D diameter
d diameter, dimension, distance
E modulus of elasticity

Er, Et reduced modulus of elasticity; tangent modulus of elasticity
e eccentricity, dimension, distance, unit volume change

(dilatation)
F force
f shear flow, shape factor for plastic bending, flexibility, 

frequency (Hz)
fT torsional flexibility of a bar
G modulus of elasticity in shear
g acceleration of gravity

H height, distance, horizontal force or reaction, horsepower
h height, dimensions
I moment of inertia (or second moment) of a plane area

Ix, Iy, Iz moments of inertia with respect to x, y, and z axes
Ix1, Iy1 moments of inertia with respect to x1 and y1 axes 

(rotated axes)
Ixy product of inertia with respect to xy axes

Ix1y1 product of inertia with respect to x1y1 axes (rotated axes)
IP polar moment of inertia

I1, I2 principal moments of inertia
J torsion constant
K stress-concentration factor, bulk modulus of elasticity,

effective length factor for a column
k spring constant, stiffness, symbol for 

kT torsional stiffness of a bar
L length, distance

LE effective length of a column
ln, log natural logarithm (base e); common logarithm (base 10)

M bending moment, couple, mass
MP, MY plastic moment for a beam; yield moment for a beam

m moment per unit length, mass per unit length
N axial force
n factor of safety, integer, revolutions per minute (rpm)

O origin of coordinates
O� center of curvature
P force, concentrated load, power

Pallow allowable load (or working load)
Pcr critical load for a column

2P/EI

S Y M B O L S
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PP plastic load for a structure
Pr, Pt reduced-modulus load for a column; tangent-modulus load

for a column
PY yield load for a structure

p pressure (force per unit area)
Q force, concentrated load, first moment of a plane area
q intensity of distributed load (force per unit distance)
R reaction, radius
r radius, radius of gyration 
S section modulus of the cross section of a beam, shear center
s distance, distance along a curve

T tensile force, twisting couple or torque, temperature
TP, TY plastic torque; yield torque

t thickness, time, intensity of torque (torque per unit distance)
tf, tw thickness of flange; thickness of web

U strain energy
u strain-energy density (strain energy per unit volume)

ur, ut modulus of resistance; modulus of toughness
V shear force, volume, vertical force or reaction
v deflection of a beam, velocity

v�, v��, etc. dv/dx, d2v/dx2, etc.
W force, weight, work
w load per unit of area (force per unit area)

x, y, z rectangular axes (origin at point O)
xc, yc, zc rectangular axes (origin at centroid C)

coordinates of centroid
Z plastic modulus of the cross section of a beam
α angle, coefficient of thermal expansion, nondimensional ratio
β angle, nondimensional ratio, spring constant, stiffness

βR rotational stiffness of a spring
γ shear strain, weight density (weight per unit volume)

γxy, γyz, γzx shear strains in xy, yz, and zx planes
γx1y1 shear strain with respect to x1y1 axes (rotated axes)

γθ shear strain for inclined axes
δ deflection of a beam, displacement, elongation of a bar or

spring
�T temperature differential

δP, δY plastic displacement; yield displacement
ε normal strain

εx, εy, εz normal strains in x, y, and z directions
εx1, εy1 normal strains in x1 and y1 directions (rotated axes)

εθ normal strain for inclined axes
ε1, ε2, ε3 principal normal strains

ε� lateral strain in uniaxial stress
εT thermal strain
εY yield strain
θ angle, angle of rotation of beam axis, rate of twist of a bar

in torsion (angle of twist per unit length)

x, y, z

(r � 2I/A)

xixSymbols
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Symbols

θp angle to a principal plane or to a principal axis
θs angle to a plane of maximum shear stress
κ curvature (κ � 1/ρ)
� distance, curvature shortening
ν Poisson’s ratio
ρ radius, radius of curvature (ρ � 1/κ ), radial distance in

polar coordinates, mass density (mass per unit volume)
σ normal stress

σx, σy, σz normal stresses on planes perpendicular to x, y, and z axes
σx1, σy1 normal stresses on planes perpendicular to x1y1 axes

(rotated axes)
σθ normal stress on an inclined plane

σ1, σ2, σ3 principal normal stresses
σallow allowable stress (or working stress)

σcr critical stress for a column (σcr � Pcr/A)
σpl proportional-limit stress
σr residual stress
σT thermal stress

σU, σY ultimate stress; yield stress
τ shear stress

τxy, τyz, τzx shear stresses on planes perpendicular to the x, y, and z
axes and acting parallel to the y, z, and x axes

τx1y1 shear stress on a plane perpendicular to the x1 axis and act-
ing parallel to the y1 axis (rotated axes)

τθ shear stress on an inclined plane
τallow allowable stress (or working stress) in shear

τU, τY ultimate stress in shear; yield stress in shear
φ angle, angle of twist of a bar in torsion
ψ angle, angle of rotation
ω angular velocity, angular frequency (ω � 2π f )

GREEK ALPHABET
A α Alpha N ν Nu
B β Beta Ξ ξ Xi
Γ γ Gamma O Omicron
� δ Delta Π π Pi
E ε Epsilon P ρ Rho
Z ζ Zeta Σ σ Sigma
H η Eta T τ Tau
Θ θ Theta � υ Upsilon
I ι Iota Φ φ Phi
K κ Kappa X χ Chi
Λ λ Lambda Ψ ψ Psi
M μ Mu Ω ω Omega

ο

xx

*A star attached to a section number indicates a specialized.
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C H A P T E R1
Tension, Compression,
and Shear

This telecommunications
tower is an assemblage
of many members that
act primarily in tension
or compression. (Péter
budella/Shutterstock)
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I CHAPTER OVERVIEW
In Chapter 1, we are introduced to mechanics of
materials, which examines the stresses, strains, and
displacements in bars of  various materials acted on
by axial loads applied at the centroids of  their
cross sections. After a brief  review of  basic con-
cepts presented in statics, we will learn about nor-
mal stress (σ ) and normal strain (ε ) in materials
used for structural applications, then identify key
properties of  various materials, such as the modu-
lus of  elasticity (E ) and yield (σy) and ultimate (σu)
stresses, from plots of  stress (σ ) versus strain (ε).
We will also plot shear stress (τ ) versus shear
strain (γ ) and identify the shearing modulus of
elasticity (G ). If  these materials perform only in
the linear range, stress and strain are related by
Hooke’s Law for normal stress and strain (σ � E • ε)
and also for shear stress and strain (τ � G • γ ). We
will see that changes in lateral dimensions and
 volume depend upon Poisson’s ratio (ν). Material
properties E, G, and ν, in fact, are directly related to

one another and are not independent properties of
the material.

Assemblage of bars to form structures (such as
trusses) leads to consideration of average shear (τ )
and bearing (σb) stresses in their connections as well
as normal stresses acting on the net area of the cross
section (if  in tension) or on the full cross-sectional
area (if  in compression). If  we restrict maximum
stresses at any point to allowable values by use of
factors of safety, we can identify allowable levels of
axial loads for simple systems, such as cables and
bars. Factors of safety relate actual to required
strength of structural members and account for a
variety of uncertainties, such as variations in mate-
rial properties and probability of accidental over-
load. Lastly, we will consider design: the iterative
process by which the appropriate size of structural
members is determined to meet a variety of both
strength and stiffness requirements for a particular
structure subjected to a variety of different loadings.

1.1 Introduction to Mechanics of Materials 4
1.2 Statics Review 6
1.3 Normal Stress and Strain 27
1.4 Mechanical Properties of Materials 37
1.5 Elasticity, Plasticity, and Creep 45
1.6 Linear Elasticity, Hooke’s Law, and Poisson’s

Ratio 52

1.7 Shear Stress and Strain 57
1.8 Allowable Stresses and Allowable Loads 68
1.9 Design for Axial Loads and Direct Shear 74

Chapter Summary & Review 80
Problems 83

Chapter 1 is organized as follows:
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Chapter 1  Tension, Compression, and Shear

1.1 INTRODUCTION TO MECHANICS OF
MATERIALS
Mechanics of materials is a branch of applied mechanics that deals with
the behavior of solid bodies subjected to various types of loading. Other
names for this field of study are strength of materials and mechanics of
deformable bodies. The solid bodies considered in this book include bars
with axial loads, shafts in torsion, beams in bending, and columns in com-
pression.

The principal objective of mechanics of materials is to determine the
stresses, strains, and displacements in structures and their components due
to the loads acting on them. If we can find these quantities for all values of
the loads up to the loads that cause failure, we will have a complete picture
of the mechanical behavior of these structures.

An understanding of mechanical behavior is essential for the safe
design of all types of structures, whether airplanes and antennas, buildings
and bridges, machines and motors, or ships and spacecraft. That is why
mechanics of materials is a basic subject in so many engineering fields.
Statics and dynamics are also essential, but those subjects deal primarily
with the forces and motions associated with particles and rigid bodies.
However, most problems in mechanics of materials begin with an exami-
nation of the external and internal forces acting on a stable deformable
body. We first define the loads acting on the body, along with its support
conditions, then determine reaction forces at supports and internal forces
in its members or elements using the basic laws of static equilibrium (pro-
vided that it is statically determinate). A well-constructed free-body dia-
gram is an essential part of the process of carrying out a proper static
analysis of a structure.

In mechanics of materials we go beyond the concepts presented in
statics to study the stresses and strains inside real bodies, that is, bodies of
finite dimensions that deform under loads. To determine the stresses and
strains, we use the physical properties of the materials as well as numerous
theoretical laws and concepts. Later, we will see that mechanics of materi-
als provides additional essential information, based on the deformations
of the body, to allow us to solve so-called statically indeterminate prob-
lems (not possible if  using the laws of statics alone).

Theoretical analyses and experimental results have equally important
roles in mechanics of materials. We use theories to derive formulas and
equations for predicting mechanical behavior, but these expressions can-
not be used in practical design unless the physical properties of the mate-
rials are known. Such properties are available only after careful
experiments have been carried out in the laboratory. Furthermore, not all
practical problems are amenable to theoretical analysis alone, and in such
cases physical testing is a necessity.

The historical development of mechanics of materials is a fascinating
blend of both theory and experiment—theory has pointed the way to use-
ful results in some instances, and experiment has done so in others. Such
famous persons as Leonardo da Vinci (1452–1519) and Galileo Galilei
(1564–1642) performed experiments to determine the strength of wires,
bars, and beams, although they did not develop adequate theories (by
today’s standards) to explain their test results. By contrast, the famous

4
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1.1 Introduction to Mechanics of Materials 5

mathematician Leonhard Euler (1707–1783) developed the mathematical
theory of columns and calculated the critical load of a column in 1744,
long before any experimental evidence existed to show the significance of
his results. Without appropriate tests to back up his theories, Euler’s
results remained unused for over a hundred years, although today they are
the basis for the design and analysis of most columns.*

Problems
When studying mechanics of materials, you will find that your efforts are
divided naturally into two parts: first, understanding the logical develop-
ment of the concepts, and second, applying those concepts to practical situ-
ations. The former is accomplished by studying the derivations, discussions,
and examples that appear in each chapter, and the latter is accomplished by
solving the problems at the ends of the chapters. Some of the problems are
numerical in character, and others are symbolic (or algebraic).

An advantage of numerical problems is that the magnitudes of all
quantities are evident at every stage of the calculations, thus providing an
opportunity to judge whether the values are reasonable or not. The prin-
cipal advantage of symbolic problems is that they lead to general-purpose
formulas. A formula displays the variables that affect the final results; for
instance, a quantity may actually cancel out of the solution, a fact that
would not be evident from a numerical solution. Also, an algebraic solu-
tion shows the manner in which each variable affects the results, as when
one variable appears in the numerator and another appears in the denom-
inator. Furthermore, a symbolic solution provides the opportunity to
check the dimensions at every stage of the work.

Finally, the most important reason for solving algebraically is to
obtain a general formula that can be used for many different problems. In
contrast, a numerical solution applies to only one set of circumstances.
Because engineers must be adept at both kinds of solutions, you will find
a mixture of numeric and symbolic problems throughout this book.

Numerical problems require that you work with specific units of
measurement. This book utilizes the International System of Units (SI).
A discussion of SI units appears in Appendix A, where you will also find
many useful tables. 

All problems appear at the ends of the chapters, with the problem
numbers and subheadings identifying the sections to which they belong.
The techniques for solving problems are discussed in detail in Appendix B.
In addition to a list of sound engineering procedures, Appendix B includes
sections on dimensional homogeneity and significant digits. These topics
are especially important, because every equation must be dimensionally
homogeneous and every numerical result must be expressed with the
proper number of significant digits. In this book, final numerical results
are usually presented with three significant digits when a number begins
with the digits 2 through 9, and with four significant digits when a num-
ber begins with the digit 1. Intermediate values are often recorded with
additional digits to avoid losing numerical accuracy due to rounding
of numbers. 

*The history of mechanics of materials, beginning with Leonardo and Galileo, is given in Refs. 1-1, 1-2, and 1-3.
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Chapter 1  Tension, Compression, and Shear

1.2 STATICS REVIEW
In your prerequisite course on statics, you studied the equilibrium of rigid
bodies acted upon by a variety of different forces and supported or
restrained in such a way that the body was stable and at rest. As a result, a
properly restrained body could not undergo rigid-body motion due to the
application of static forces. You drew free-body diagrams of the entire body,
or of key parts of the body, and then applied the equations of equilibrium to
find external reaction forces and moments or internal forces and moments
at critical points. In this section, we will review the basic static equilibrium
equations and apply them to the solution of example structures (both two
and three dimensional) using both scalar and vector operations (both accel-
eration and velocity of the body will be assumed to be zero). Most problems
in mechanics of materials require a static analysis as the first step, so all
forces acting on the system and causing its deformation are known. Once all
external and internal forces of interest have been found, we will be able to
proceed with the evaluation of stresses, strains, and deformations of bars,
shafts, beams, and columns in subsequent chapters.

Equilibrium Equations
The resultant force R and resultant moment M of all forces and moments
acting on either a rigid or deformable body in equilibrium are both zero.
The sum of the moments may be taken about any arbitrary point. The
resulting equilibrium equations can be expressed in vector form as:

(1-1)

(1-2)

where F is one of a number of vectors of forces acting on the body and r is
a position vector from the point at which moments are taken to a point along
the line of application of any force F. It is often convenient to write the equi-
librium equations in scalar form using a rectangular Cartesian coordinate
system, either in two dimensions (x, y) or three dimensions (x, y, z) as

(1-3)

Eq. (1-3) can be used for two-dimensional or planar problems, but in three
dimensions, three force and three moment equations are required:

(1-4)

(1-5)

If the number of unknown forces is equal to the number of independent
equilibrium equations, these equations are sufficient to solve for all unknown
reaction or internal forces in the body, and the problem is referred to as stat-
ically determinate (provided that the body is stable). If the body or structure
is constrained by additional (or redundant) supports, it is statically indeter-
minate, and a solution is not possible using the laws of static equilibrium
alone. For statically indeterminate structures, we must also examine the
deformations of the structure, as will be discussed in the following chapters.

gMx � 0 gMy � 0 gMz � 0

gFx � 0 gFy � 0 gFz � 0

gFx � 0 gFy � 0 gMz � 0

R � gF � 0

M � gM � g (r � F) � 0

6
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1.2 Statics Review 7

Applied Forces
External loads applied to a body or structure may be either concentrated
or distributed forces or moments. For example, force FB (with units of
pounds, lb, or newtons, N) in Fig. 1-1 is a point or concentrated load and
is assumed to act at point B on the body, while moment MA is a concen-
trated moment or couple (with units of lb-ft or N • m) acting at point A.
Distributed forces may act alone or normal to a member and may have
constant intensity, such as line load q1 normal to member BC (Fig. 1-1) or
line load q2 acting in the �y direction on inclined member DF; both q1 and
q2 have units of force intensity (lb/ft or N/m). Distributed loads also may
have a linear (or other) variation with some peak intensity q0 (as on mem-
ber ED in Fig. 1-1). Surface pressures p (with units of lb/ft2 or Pa), such as
wind acting on a sign (Fig. 1-2), act over a designated region of a body.
Finally, a body force w (with units of force per unit volume, lb/ft3 or N/m3),

Fig. 1-1
Plane frame structure

q1

q2

3

3

4

4

q0

E

C

A

a

b
D

F

B

FB

MA

dc

e

y

x

Fig. 1-2
Wind on sign

Wp

P

Ws

y

p

z

H

x
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Chapter 1  Tension, Compression, and Shear

such as the distributed self-weight of the sign or post in Fig. 1-2, acts
throughout the volume of the body and can be replaced by the component
weight W acting at the center of gravity (c.g.) of the sign (Ws) or
post (Wp). In fact, any distributed loading (line, surface, or body force) can
be replaced by a statically equivalent force at the center of gravity of the
distributed loading when overall static equilibrium of the structure is eval-
uated using Eqs. (1-1) to (1-5).

Free-Body Diagrams
A free-body diagram (FBD) is an essential part of  a static analysis of  a
rigid or deformable body. All forces acting on the body, or component
part of  the body, must be displayed on the FBD if  a correct equilibrium
solution is to be obtained. This includes applied forces and moments,
reaction forces and moments, and any connection forces between individ-
ual components. For example, an overall FBD of the plane frame in
Fig. 1-1 is shown in Fig. 1-3a; all applied and reaction forces are shown
on this FBD and statically equivalent concentrated loads are displayed
for all distributed loads. Statically equivalent forces Fq0, Fq1, and Fq2, each
acting at the c.g. of  the corresponding distributed loading, are used in
the equilibrium equation solution to represent distributed loads q0, q1, 
and q2, respectively.

Next, the plane frame has been disassembled in Fig. 1-3b, so that
separate FBD’s can be drawn for each part of  the frame, thereby expos-
ing pin-connection forces at D (Dx, Dy). Both FBD’s must show all
applied forces as well as reaction forces Ax and Ay at pin-support joint 
A and Fx and Fy at pin-support joint F. The forces transmitted between
frame elements EDC and DF at pin connection D must be determined if
the proper interaction of  these two elements is to be accounted for in the
static analysis.

The plane frame structure in Fig. 1-1 will be analyzed in Example 1-2
to find reaction forces at joints A and F and also pin-connection forces at
joint D using the equilibrium equations Eqs. (1-1) to (1-3). The FBD’s pre-
sented in Figs. 1-3a and 1-3b are essential parts of this solution process. 
A statics sign convention is usually employed in the solution for support
reactions; forces acting in the positive directions of the coordinate axes are
assumed positive, and the right-hand rule is used for moment vectors.

Reactive Forces and Support Conditions
Proper restraint of the body or structure is essential if  the equilibrium
equations are to be satisfied. A sufficient number and arrangement of sup-
ports must be present to prevent rigid body motion under the action of
static forces. A reaction force at a support is represented by a single arrow
with a slash drawn through it (see Fig. 1-3) while a moment restraint at a
support is shown as a double-headed or curved arrow with a slash.
Reaction forces and moments usually result from the action of applied
forces of the types described above (i.e., concentrated, distributed, surface,
and body forces).

A variety of  different support conditions may be assumed depend-
ing on whether the problem is 2D or 3D. Supports A and F in the 2D
plane frame structure shown in Fig. 1-1 and Fig. 1-3 are pin supports,

8
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1.2 Statics Review 9

while the base of  the 3D sign structure in Fig. 1-2 may be considered to
be a fixed or clamped support. Some of  the most commonly used ideal-
izations for 2D and 3D supports, as well as interconnections between
members or elements of  a structure, are illustrated in Table 1-1. The

q1C

Fq1

q0

Fq0

q2

Fq2

E D

D

Dy

Dy Dx

Dx

Resultant D

Resultant A

Fy

FxF

B

FB

3
4

MA

(b)

Ax

Ay

A

y

x

Fig. 1-3
(a) Overall FBD of plane frame
structure from Fig. 1-1, and 
(b) Separate free-body diagrams
of parts A through E and DF of
the plane frame structure in
Fig. 1-1

q1
C

e

Fq1

Fq2

3

4
q0

Fq0

E

a

b

D

Fy

Fx
F

B

FB

3
4

MA

(a)

Ax
Ay

A

dc

y

x
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Chapter 1  Tension, Compression, and Shear10

Type of support or 
connection

Simplified sketch of 
support or connection

Display of restraint forces
and moments, or 
connection forces

(1) Roller support—
horizontal, vertical, or
inclined

Bridge with roller support
(The Earthquake Engineering
Online Archive)

Horizontal roller support
(constrains motion in both
�y and �y directions)

Vertical roller restraints

Rotated or inclined roller
support

x y

z

(a) Two-dimensional roller
support

(b) Three-dimensional roller
support

z x

y

Ry

R

θ

x

y

Rx x

y

R

x

y

(2) Pin support

Bridge with pin support
(Courtesy of Joel Kerkhoff,
P.Eng.)

Pin support on old truss
bridge
(© Barry Goodno)

Pin support at F in Fig. 1-1

yx

z

F

(a) Two-dimensional pin 
support

(b) Three-dimensional pin
support

x

Rx

y

Ry

Rz

RyRx

yx

z

Rx

y

Ry

x

Table 1-1
Reaction and Connection Forces

in 2D or 3D Static Analysis
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1.2 Statics Review 11

(3) Sliding support

Frictionless sleeve on 
vertical shaft

Rx x

y
Mz

(4) Clamped or fixed support

Fixed support at base of sign
post (see Fig. 1-2)

A A

Weld

Pole
Base plate

Concrete pier

(a) Two-dimensional fixed
support

(b) Three-dimensional fixed
support

Rz
RxMz Mx

x

z

y

My

Ry

Rx

Ry

Mz

x

y

Rx

Ry

Mz

x

y

(5) Elastic or spring supports (a) Translational spring (k)

−kyδy

−kxδx
ky

kx δx

δy

x

y

Table 1-1 (continued)
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Chapter 1  Tension, Compression, and Shear12

(b) Rotational spring (kr)

Rx

Ry

Mz = −kr θz

x

y θz

kr

(6) Pinned connection (from
Figs. 1-1 and 1-3)

Pin connection on old bridge
(© Barry Goodno)

Pinned connection at D
between members EDC and
DF in plane frame (Fig. 1-1)

D
D

D

Dy

Dy

Dx

Dx

(7) Slotted connection (modi-
fied connection from that
shown in Figs. 1-1 and 1-3)

Alternate slotted connection
at D on plane frame (Note
that the plane frame in 
Fig. 1-1 is unstable if this
slotted connection is used
instead of a pin at D.)

D

D
Dy

Dy

(8) Rigid connection (internal
forces and moment in mem-
bers joined at C of plane
frame in Fig. 1-1)

Rigid connection at C on
plane frame

q1C

Fq1

B

3
4

Mc

Nc

Vc

Nc
Vc

Mc

Table 1-1 (continued)

restraining or transmitted forces and moments associated with each
type of  support or connection are displayed in the third column of  the
table (these are not FBDs, however). The reactions forces and moments
for the 3D sign structure in Fig. 1-2 are shown on the FBD in Fig. 1-4a;
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1.2 Statics Review 13

only reactions Ry, Rz, and Mx are non-zero because the sign structure
and wind loading are symmetric with respect to the yz plane. If  the sign
is eccentric to the post (Fig. 1-4b), only reaction Rx is zero for the case
of  wind loading in the �z direction. (See Prob. 1.7-16 at the end of
Chapter 1 for a more detailed examination of  the reaction forces due to
wind pressure acting on the sign structure in Fig. 1-2; forces and
stresses in the base plate bolts are also computed. Several eccentric sign
structures are presented for analysis as end of  chapter problems in
Chapter 8.)

Internal Forces (Stress Resultants)
In our study of  mechanics of  materials, we will investigate the deforma-
tions of  the members or elements which make up the overall
deformable body. In order to compute the member deformations, we
must first find the internal forces and moments (i.e., the internal stress
resultants) at key points along the members of  the overall structure. In
fact, we will often create graphical displays of  the internal axial force,
torsional moment, transverse shear and bending moment along the axis
of  each member of  the body so that we can readily identify critical
points or regions within the structure. The first step is to make a section
cut normal to the axis of  each member so that a FBD can be drawn
which displays the internal forces of  interest. For example, if  a cut is
made at the top of  member BC in the plane frame in Fig. 1-1, the 
internal axial force (Nc), transverse shear force (Vc) and bending moment
(Mc) at joint C can be exposed as shown in the last row of  Table 1-1.
Fig. 1-5 shows two additional cuts made through members ED and DF

Fig. 1-4
(a) FBD of symmetric sign 
structure, and (b) FBD of 
eccentric sign structure

Wp

Mx

Rz

Ry

P

Ws

y

z

H

x

(a)

Wp

Mx

Mz

Rz
Ry

My

P

Ws

y

z x

(b)
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Chapter 1  Tension, Compression, and Shear14

in the plane frame; the resulting FBD’s now can be used to find N, V,
and M in members ED and DF of  the plane frame. Stress resultants N,
V, and M are usually taken along and normal to the member under
consideration (i.e., local or member axes are used), and a deformation
sign convention (e.g., tension is positive, compression is negative) is
employed in their solution. In later chapters, we will see how these (and
other) internal stress resultants are used to compute stresses in the
member cross section.

The following examples are presented as a review of application of
the equations of  static equilibrium in the solution for external reactions
and internal forces in truss, beam, circular shaft, and frame structures.
First, a truss structure is considered and both scalar and vector solutions
for reaction forces are reviewed. Then member forces are computed using
the method of joints. Properly drawn FBD’s are seen to be essential to the
overall solution process. The second example involves static analysis of  a
beam structure to find reactions and internal forces at a particular section
along the beam. In the third example, reactive and internal torsional
moments in a stepped shaft are computed. And, finally, the fourth exam-
ple presents the solution of the plane frame structure discussed here.
Numerical values are assigned to applied forces and structure dimensions,
and then reaction, pin connection, and selected internal forces in the
frame are computed.

Fig. 1-5
FBD’s for internal stress 
resultants in ED and DF

D

q1
C

Fq2

q0

Fq0

q2

Fq2

E V

D

Dy

Dy

Dx

Dx

Fy

Fx

FBDDFFBDED

F

B
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MA
Ax

Ay

A

y

x

N

V

V

N
M

M

N
N
M M

V
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1.2 Statics Review 15

The plane truss shown in Fig. 1-6 is pin supported at A and has a roller sup-
port at B. Joint loads 2P and �P are applied at joint C. Find support reactions
at joints A and B, then solve for forces in members AB, AC and BC. Use
numerical properties given below.

Numerical data:

Solution
(1) Use the law of sines to find angles θB and θC , then find the length (c) of

member AB.
(2) Draw the FBD, then use equilibrium equations in scalar form [Eq. (1-3)]

to find the support reactions.
(3) Find member forces using the method of joints.
(4) Repeat solution for support reactions using a vector solution.
(5) Solve for support reactions and member forces for a 3D version of this

plane (2D) truss.

(1) Use the law of sines to find angles θB, θC then find the length (c) of mem-
ber AB.

See law of sines in Appendix C:

Note that the Law of Cosines also could be used:

(2) Draw the FBD (Fig. 1-7), then use equilibrium equations in scalar form
[Eq. (1-3)] to find the support reactions.

Note that the plane truss is statically determinate since there are 
(m � r � 6) unknowns (where m � number of member forces and 
r � number of reactions), but there are (2j � 2 � 3 � 6) equations of
statics from the method of joints (where j � number of joints).

Use equilibrium equations in scalar form to find support reactions.

Sum moments about A to get reaction By:

Sum forces in y direction to get Ay :

Sum forces in x direction to get Ax :

(3) Find member forces using the method of joints.

Draw FBDs of each joint (Fig. 1-8) then sum forces in x and y directions
to find member forces.

Ax � �2P � �320 kN

Ay � P � By � �70 kN

By �
[Pb cos (θA) � (2P)b sin (θA)]

c
� 230 kN

c � 3b2 � L2 � 2bL cos(θC) � 3.417 m

and c � La sin(θC)

sin(θA)
b � 3.417 m or c � b cos (θA) � L cos(θB) � 3.417 m

θB � arcsinab
L

sin(θA)b � 39.426° so θC � 180° � (θA � θB) � 80.574°

P � 160 kN L � 3 m θA � 60° b � 2.2 m

Example 1-1• • •

Continues ➥

A B

C 2P

c

θA = 60°
θB

θc

L

x

y
P

b
Fig. 1-6
Example 1-1: Plane truss static
analysis for joint loads

A B

C 2P

c

θA = 60°
θB

ByAy

Ax

θc

L

P

b

Fig. 1-7
Example 1-1: FBD of plane 
truss

A B

C 2P

ByAy

Ax FAB

FAB

FAC

FAC

FBC

FBC

P

Fig. 1-8
Example 1-1: FBD of each joint
of plane truss
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Chapter 1  Tension, Compression, and Shear16

Sum forces in y direction at joint A:

Sum forces in x direction at joint A:

Sum forces in y direction at joint B:

Check equilibrium at joint C. (First at x direction, then y direction.)

(4) Repeat solution for support reactions using a vector solution (show x, y,
z components in vector format).

Sum moments about point A, then equate each expression to zero:

Now sum forces and equate each expression to zero:

Reactions Ax, Ay, and By are the same as from the scalar solution approach.

(5) Solve for support reactions and member forces for a 3D version of plane
(2D) truss.

To create a space truss from the plane truss, move joint A along the z axis
a distance z while holding B on the x axis and constraining C to lie some

or Á 3 £ i j k
c 0 0
0 By 0

≥ 3 � 4 §
i j k
b
2

b 13
2

0

2P �P 0

¥ 4� �785.68 k kN # m � 3.4173 m By k

Ay� 160 � By � �70 kN

A � B � C � £ Ax � 320 kN
Ay � By � 160 kN

0
≥ so Ax ��320 kN

so By �
785.7
3.417

� 230 kN

MA � rAB � B � rAC � C � £ 0
0

3.417 m By � 785.7 m kN
≥

A � £Ax

Ay

0
≥ B � £ 0

By

0
≥ C � £ 2P

�P
0
≥

Force vectors at A, B, and C:

rAB � £ c
0
0
≥ � £3.4173

0
0
≥ m rAC � £b cos (θA)

b sin (θA)
0

≥ � £ 1.1
1.9053

0
≥ m

Position vectors to B and C from A:

�FAC cos (θA) � FBC cos (θB) � 2P � 0 �FAC sin (θA) � FBC sin (θB) � P � 0

FBC �
�By

sin (θB )
FBC � �362 kN

FAB � �Ax � FAC cos (θA) � 280 kN

FAC �
�Ay

sin (θA)
� 80.7 kN

Example 1-1 - Continued• • •
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1.2 Statics Review 17

distance y along the y axis (see Fig. 1-9); hold member lengths (L, b, c)
and angles (θA, θB, θC) to the values used for the plane truss. Apply joint
loads 2P and �P at joint C. Add 3D pin support at A, two restraints at 
B (By , Bz), and one restraint at C (Cz).

Note that the space truss is statically determinate since there are 
(m � r � 9) unknowns (where m � number of member forces and 
r � number of reactions), but there are (3j � 3 � 3 � 9) equations of
statics from the method of joints (where j � number of joints).

First, find x, y, and z projections of members along coordinate axes.
Then find angles OBC, OBA, and OAC in each plane.

Draw the overall FBD (see Fig. 1-9), then use a scalar solution to find reac-
tions and member forces.

(1) Sum moments about a line through A, which is parallel to the y axis (this
will isolate reaction Bz, giving us one equation with one unknown):

This is based on a statics sign convention so the negative sign means that
force Bz acts in the �z direction.

(2) Sum moments about the z-axis to find By, then sum forces in y direction
to get Ay:

(3) Sum moments about the x axis to find Cz:

(4) Sum forces in the x and z directions to get Ax and Az:

(5) Finally, use the method of joints to find member forces (a deformation sign
convention is used here so positive (�) means tension and negative (�)
means compression).

Sum forces in x direction at joint A:

Sum forces in y direction at joint A:

y

b
FAC � Ay � 0 FAC �

b
y

(�Ay ) FAC � �88.4 kN

x
c

FAB � Ax � 0 FAB �
�c
x

Ax FAB � 389 kN

Ax � �2P � �320 kN Az � �Cz � Bz � 142.6 kN

Cz �
Ayz

y
� 77.9 kN

By �
2P(y)

x
� 118.2 kN so Ay � P � By � 41.8 kN

Bzx � (2P )z � 0 Bz � �2P
z
x

� �220 kN

OAC � arctan ay

z
b � 28.202°

OBC � arctan ay

x
b � 20.277° OBA � arctan az

x
b � 34.566°

z �
B

�L2 � b2 � c2

2
� 1.93883 m

x �
B

L2 � b2 � c2

2
� 2.81408 m y �

B

L2 � b2 � c2

2
� 1.03968 m

Fig. 1-9
Example 1-1: FBD of space truss
(extended version of plane
truss)

A

O
B

C 2P

c
θA = 60°

θB

By
Bz

Ay

Az

Cz

Ax

y

y

x

x

z

z

θc L

P

b

Continues ➥
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Chapter 1  Tension, Compression, and Shear18

Sum forces in y direction at joint B:

Re-compute reactions for the space truss using a vector solution.
Find position (r) and unit (e) vectors from joint A to joints B and C:

Sum moments about point A, then equate each expression to zero:

or 

and  

Collecting coefficients of j and solving:

Collecting coefficients of k and solving:

Collecting coefficients of i and solving:

Complete the solution by summing forces and equating to zero:

Reactions Ax, Ay, Az and By, Bz are the same as from the scalar 
solution approach. 

rAC � £ 0
y

�z
≥ eAC �

rAC

|rAC |
� £ 0

0.473
�0.881

≥

y

L
FBC � By � 0 FBC �

�L
y

By FBC � �341 kN

Ax � �320 kN Ay � 41.8 kN Az � 142.6 kN

£Ax

Ay

Az

≥ � £ 0
By

Bz

≥ � £ 2P
�P
Cz

≥ � £Ax � 320.0 kN
Ay�41.8 kN
Az � 142.6

≥

Cz �
310.21 � 1.9388 By

1.0397
� 77.9 kN

By �
332.7

2.8141
� 118.2 kN

Bz �
620.43

�2.8141
� �220 kN

�620.43 kN # m j � 332.7 kN # m k

3 £ i j k
0 y �z

2P �P Cz

≥ 3 � 1.0397 m Cz i � 310.21 kN # m i

3 £ i j k
x 0 �z
0 By Bz

≥ 3 �1.9388 m By i � 2.8141 m Bz j �2.8141 m By k

� £1.9388 m By � 1.0397 m Cz � 310.21 kN # m
�2.8141 m Bz � 620.43 kN # m

2.8141 m By � 332.7 kN # m
≥

MA � rAB � £ 0
By

Bz

≥ � rAC � £ 2P
�P
Cz

≥
MA � rAB � B � rAC � C

rAB � £ x
0

�z
≥ eAB �

rAB

|rAB|
� £ 0.823

0
�0.567

≥

Example 1-1 - Continued• • •
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1.2 Statics Review
19

• • •

Continues ➥

The simply-supported beam structure shown in Fig. 1-10 is subjected to
moment MA at pin-supported joint A, inclined load FB applied at joint B, and
uniform load with intensity q1 on member segment BC. Find support reac-
tions at joints A and C, then solve for internal forces at the midpoint of BC.
Use properly drawn free-body diagrams in your solution.

Example 1-2

MA
FB

A

x
a b

B

C

q1

3

4Fig. 1-10
Example 1-2: Beam static 
analysis for support reactions

Numerical data (Newtons and meters):

Solution
(1) Draw the FBD of the overall beam. The solution for reaction forces at A

and C must begin with a proper drawing of the FBD of the overall beam
(Fig. 1-11). The FBD shows all applied and reactive forces.

MA � 380N # m FB � 200N q1 � 160N/m
a � 3m b � 2m

MA FB

A

Ax

Ay
a b

B

(4/5)FB

(3/5)FB

C

Cy

q1

b/2

Fq1

Fig. 1-11
Example 1-2: FBD of beam

(2) Determine statically equivalent concentrated forces. Distributed forces are
replaced by their statical equivalents (Fq1) and the components of the
inclined concentrated force at B may also be computed:

(3) Sum the moments about A to find reaction force Cy. This structure is stati-
cally determinate because there are three available equations from statics 
(ΣFx � 0, ΣFy � 0, and ΣM � 0) and three reaction unknowns (Ax, Ay, Cy). It
is convenient to start the static analysis using ΣMA � 0, because we can iso-
late one equation with one unknown and then easily find reaction Cy. 
A statics sign convention is used (i.e., right-hand rule or CCW is positive).

➥

➥

Cy �
1

(a � b)
cMA � FBya � Fq1aa �

b
2
b d � 260N

Fq1 � q1b � 320N FBx �
4
5

FB � 160N FBy �
3
5

FB � 120N
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Chapter 1  Tension, Compression, and Shear20

(4) Sum the forces in x and y directions to find reaction forces at A. Now that
Cy is known, we can complete the equilibrium analysis to find Ax and Ay
using ΣFx � 0 and ΣFy � 0. Then we can find the resultant reaction force
at A using components Ax and Ay:

(5) Find the internal forces and moment at the midpoint of member segment
BC. Now that reaction forces at A and C are known, we can cut a section
through the beam midway between B and C, creating left and right FBDs
(Fig. 1-12). Section forces Nc (axial) and Vc (shear) as well as section
moment (Mc) are exposed and may be computed using statics. Either FBD
may be used to find Nc, Vc, and Mc; the computed internal forces and
moment Nc, Vc, and Mc will be the same.

Calculations based on left FBD:

Calculations based on right FBD:

The computed internal forces (N and V ) and internal moment (M) are the
same and can be determined using either the left or right FBD. This
applies for any section taken through the beam at any point along its
length. Later, we will create plots or diagrams which show the variation
of N, V, and M over the length of the beam. These diagrams will be very
useful in the design of beams, because they readily show the critical
regions of the beam where N, V, and M have maximum values.

M � Cyab
2
b � q1ab

2
b ab

4
b � 180 N # m

M � MA � Ayaa �
b
2
b � FByab

2
b � q1ab

2
b ab

4
b � 180 N # m

©M � 0

©Fy � 0 V � q1ab
2
b � Cy � �100 N

©Fx � 0 N � 0

©M � 0

©Fy � 0 V � Ay � FBy � q1ab
2
b � �100 N

©Fx � 0 N � FBx � Ax � 0 N

Resultant force at A: A � 4Ax
2 � Ay

2 A � 171 N

Ay � �FBy � Cy � Fq1 Ay � �60 N

Sum forces in y direction: Ay � FBy � Cy � Fq1 � 0

Sum forces in x direction: Ax � FBx � 0 Ax � FBx Ax � 160 N

Example 1-2 - Continued• • •

MA FB

A

Left FBD Right FBD

Ax

Ay
a

B

(4/5)FB

(3/5)FB

M M
V

NN

V

C

Cy

b/2

q1 q1

b/2Fig. 1-12
Example 1-2: Left and right
FBDs of beam
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1.2 Statics Review 21

• • •

Continues ➥

A stepped circular shaft is fixed at A and has three gears that transmit the
torques shown in Fig. 1-13. Find the reaction torque at A, then find the
internal torsional moments in segments AB, BC, and CD. Use properly drawn
free-body diagrams in your solution.

Example 1-3

D

x

B

A

C

1900 N·m

1000 N·m

550 N·m

Fig. 1-13
Example 1-3: Stepped circular
shaft in torsion

x

MAx

C DBA

1900 N·m 550 N·m1000 N·m

Fig. 1-14
Example 1-3: FBD of overall
shaft

(2) Sum the moments about the x axis to find the reaction moment MAx.
This structure is statically determinate because there is one available
equation from statics (ΣMx � 0) and one reaction unknown (MAx). A stat-
ics sign convention is used (i.e., right-hand rule or CCW is positive).

MAx � 1900 N m � 1000 N m � 550 N m � 0

MAx � �(�1900 N m � 1000 N m � 550 N m)

� 350 N m

The computed result for MAx is positive, so the reaction moment vector
is in the positive x direction as assumed.

(3) Find the internal torsional moments in each segment of the shaft. Now
that reaction moment MAx is known, we can cut a section through the
shaft in each segment creating left and right FBDs (Fig. 1-15). Internal

#

# # #

###

Solution
(1) Draw the FBD of the overall shaft structure. The cantilever shaft struc-

ture is statically determinate. The solution for the reaction moment at A
must begin with a proper drawing of the FBD of the overall structure
(Fig. 1-14). The FBD shows all applied and reactive torques.
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Chapter 1  Tension, Compression, and Shear22

Example 1-3 - Continued• • •

Right FBDLeft FBD

x

TAB

MAx

C DBA

1900 N·m 550 N·m1000 N·m

(a)

Fig. 1-15a
Example 1-3: Left and right
FBDs of shaft for each 
segment

Right FBDLeft FBD

x
MAx

C DBA

1900 N·m 550 N·m1000 N·m

(b)

TBC

Fig. 1-15b

Left FBD: Right FBD:
TAB � �MAx � �350 N m TAB � �1900 N m � 1000 N m 

� 550 N m � �350 N m

Find the internal torque TBC (Fig. 1-15b).

##

###

Left FBD: Right FBD:
TBC � �MAx � 1900 N m TBC � 1000 N m � 550 N m 

� 1550 N m � 1550 N m

Find internal torque TCD (Fig. 1-15c).

#

##

#

#

Right FBDLeft FBD

x
MAx

C DBA

1900 N·m 550 N·m1000 N·m

(c)

TCD

Fig. 1-15c

Left FBD: Right FBD:
TCD � �MAx � 1900 N m TCD � 550 N m

� 1000 N m � 550 N m

In each segment, the internal torsional moments computed using either the
left or right FBDs are the same.

#

#

#

#

torsional moments then may be computed using statics. Either FBD may
be used; the computed internal torsional moment will be the same.

Find the internal torque TAB (Fig. 1-15a).
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• • •

Continues ➥

The plane frame in Fig. 1-16 is a modified version of that shown in Fig. 1-1.
Initially, member DF has been replaced with a roller support at D. Moment
MA is applied at pin-supported joint A, and load FB is applied at joint B.
A uniform load with intensity q1 acts on member BC, and a linearly distrib-
uted load with peak intensity q0 is applied downward on member ED. Find
the support reactions at joints A and D, then solve for internal forces at the
top of member BC. Use numerical properties given. As a final step, remove
the roller at D, insert member DF (as shown in Fig. 1-1) and reanalyze the
structure to find the reaction forces at A and F.

Example 1-4

q1

q0

E

A

a

b

D C

B

FB

3

4

MA

dc

y

x

Fig. 1-16
Example 1-4: Plane frame static
analysis for support reactions

Numerical data (Newtons and meters):

Solution
(1) Draw the FBD of the overall frame. The solution for reaction forces at A

and D must begin with a proper drawing of the FBD of the overall frame
(Fig. 1-17). The FBD shows all applied and reactive forces.

MA � 380 N # m FB � 200 N q0 � 80 N/m q1 � 160 N/m

a � 3 m b � 2 m c � 6 m d � 2.5 m

q1

q0
Fq

0

Fq
1

E

A
Ax

a

b

D

Dy

C

B

FB

3
4

MA

dc

y

x

Ay

Fig. 1-17
Example 1-4: FBD of plane
frame
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Example 1-4 - Continued• • •

(2) Determine the statically equivalent concentrated forces. Distributed
forces are replaced by their statical equivalents (Fq0 and Fq1). The compo-
nents of the inclined concentrated force at B also may be computed:

(3) Sum the moments about A to find reaction force Dy. This structure is stat-
ically determinate because there are three available equations from statics
(ΣFx � 0, ΣFy � 0, and ΣM � 0) and three reaction unknowns (Ax, Ay, Dy).
It is convenient to start the static analysis using ΣMA � 0, because we can
isolate one equation with one unknown and then easily find reaction Dy.

(4) Sum the forces in the x and y directions to find the reaction forces at A.
Now that Dy is known, we can find Ax and Ay using ΣFx � 0 and ΣFy � 0, and
then find the resultant reaction force at A using components Ax and Ay.

(5) Find the internal forces and moment at the top of member BC. Now that
reaction forces at A and D are known, we can cut a section through the
frame just below joint C, creating upper and lower FBDs (Fig. 1-18).

Resultant force at A: A � 4Ax
2 � Ay

2 A � 262N

Ay � 208 N

Sum forces in y direction: Ay � FBy � Dy � Fq0 � 0 Ay � FBy � Dy � Fq0

Ax � �160 N

Sum forces in x direction: Ax � FBx � Fq1 � 0 Ax � FBx � Fq1

Dy �
1
d
c�MA � FBxa � Fq1aa �

b
2
b � Fq0ad �

2
3

cb d � 152 N

FBx �
4
5

FB � 160 N FBy �
3
5

FB � 120 N

Fq0 �
1
2

q0c � 240 N Fq1 � q1b � 320 N

Fq0

Fq1

Mc

Vc
E

AxA

D

Dy

C

FB

3

4
MA

a

b/2

b/2

Mc

Nc

Nc

Vc

c d

y

x

Ay

B

Fig. 1-18
Example 1-4: Upper and lower
FBDs of plane frame
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1.2 Statics Review 25

Section forces Nc (axial) and Vc (shear) as well as section moment (Mc) are
exposed and may be computed using statics. Either FBD may be used to
find Nc, Vc, and Mc; the computed stress resultants Nc, Vc, and Mc will be
the same.

Calculations based on upper FBD:

Calculations based on lower FBD:

(6) Remove the roller at D, insert member DF (as shown in Fig. 1-1) and
reanalyze the structure to find reaction forces at A and F. Member DF is
pin-connected to EDC at D, has a pin support at F, and carries uniform
load q2 in the �y direction. See Figs. 1-3a and 1-3b for the FBDs required
in the solution. Note that there are now four unknown reaction forces
(Ax, Ay, Fx and Fy) but only three equilibrium equations available (ΣFx �
0, ΣFy � 0, ΣM � 0) for use with the overall FBD in Fig. 1-3a. To find
another equation, we will have to separate the structure at pin connec-
tion D to take advantage of the fact that the moment at D is known to
be zero (friction effects are assumed to be negligible); we can then use
ΣMD � 0 for either the upper FBD or the lower FBD in Fig. 1-3b to
develop one more independent equation of statics. Recall that a statics
sign convention is used here for all equilibrium equations.
Dimensions and loads for new member DF:

First, write equilibrium equations for the entire structure FBD (see Fig. 1-3a).

(a) Sum forces in x direction for entire FBD:

(a)

(b) Sum forces in y direction for entire FBD:

(b)Ay � Fy � Fq0 � Fq2 � FBy � 0

Ax � Fx � FBx � Fq1 � 0

q2 � 180 N/m Fq2 � q2e � 900 N

e � 5 m ex �
3
5

e � 3 m ey �
4
5

e � 4 m

Mc � �Fq1
b
2

� FBxb � Ax(a � b) � MA � 1180 N # m

©Mc � 0

Nc � FBy � Ay � �88 N©Fy � 0

Vc � �Fq1 � FBx � Ax � 0©Fx � 0

Mc � �Dyd � Fq0ad �
2
3

cb � 1180 N # m

©Mc � 0

Nc � Dy � Fq0 � �88 N©Fy � 0

Vc � 0©Fx � 0

Continues ➥
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Chapter 1  Tension, Compression, and Shear26

Example 1-4 - Continued• • •

(c) Sum moments about A for entire FBD:

(c)

Next, write another equilibrium equation for the upper FBD in Fig. 1-3b.

(d) Sum moments about D on upper FBD:

(d)

Solving Eqs. (c) and (d) for Fx and Fy, we have

Now, substitute solutions for Fx and Fy into Eqs. (a) and (b) to find reac-
tions Ax and Ay :

The resultant force at A is   

Sum the moments about D on lower FBD as a check; the lower FBD is in
equilibrium as required:

(7) Finally, compute the resultant force in the pin connection at D. Use the
summation of forces in the upper FBD to find component forces Dx and
Dy, then find the resultant D (see Fig. 1-3b).

The resultant force at D is 

≥
MA � Fq1 aa �

b
2
b � cFBxa � Fq0 ad �

2
3

cb � Fq2 ad �
ex

2
b d

Fq2

ex

2

¥ � a180.6
690.8

b N

D � 4Dx
2 � Dy

2 � 276 N.

Dy � �Fy � Fq2 � 209.2 N©Fy � 0

Dx � �Fx � �180.6 N©Fx � 0

Fq0a2
3

cb � Fq1
b
2

� FBxb � FByd � MA � Ax(a � b) � Ayd � 0

A � 663 NA � 4Ax
2 � Ay

2

Ay � 569.2 NAy � �Fy � Fq0 � Fq2 � FBy

Ax � �340.6 NAx � �(Fx � FBx � Fq1)

aFx

Fy
b � c�(a � b � ey ) ex � d

�ey ex
d �1

�Fxey � Fyex � Fq2

ex

2
� 0 so �Fxey � Fyex � Fq2

ex

2

� cFBxa � Fq0ad �
2
3

cb � Fq2ad �
ex

2
b d

so �Fx(a � b � ey) � Fy(ex � d ) � MA � Fq1aa �
b
2
b

� Fq0ad �
2
3

cb � Fq2ad �
ex

2
b � 0

�MA � Fq1aa �
b
2
b � Fx(a � b � ey) � Fy(ex � d) � FBxa
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1.3 Normal Stress and Strain 27

1.3 NORMAL STRESS AND STRAIN
Now that statical equilibrium has been established and we have com-
puted all required reaction forces and internal forces associated with the
deformable body, we are ready to examine internal actions more closely.
The most fundamental concepts in mechanics of  materials are stress and
strain. These concepts can be illustrated in their most elementary form
by considering a prismatic bar subjected to axial forces. A prismatic bar
is a straight structural member having the same cross section throughout
its length, and an axial force is a load directed along the axis of  the mem-
ber, resulting in either tension or compression in the bar. Examples are
shown in Fig. 1-19, where the tow bar is a prismatic member in tension
and the landing gear strut is a member in compression. Other examples
are the members of  a bridge truss, connecting rods in automobile
engines, spokes of  bicycle wheels, columns in buildings, and wing struts
in small airplanes.

Fig. 1-19
Structural members subjected to
axial loads (the tow bar is in 
tension and the landing gear
strut is in compression)

Tow bar

Landing gear strut

For discussion purposes, we will consider the tow bar of Fig. 1-19 and
isolate a segment of it as a free body (Fig. 1-20a). When drawing this free-
body diagram, we disregard the weight of the bar itself  and assume that
the only active forces are the axial forces P at the ends. Next we consider
two views of the bar, the first showing the same bar before the loads are
applied (Fig. 1-20b) and the second showing it after the loads are applied
(Fig. 1-20c). Note that the original length of the bar is denoted by the let-
ter L, and the increase in length due to the loads is denoted by the Greek
letter δ (delta).

The internal actions in the bar are exposed if  we make an imaginary
cut through the bar at section mn (Fig. 1-20c). Because this section is
taken perpendicular to the longitudinal axis of  the bar, it is called a cross
section.

We now isolate the part of  the bar to the left of  cross section mn as
a free body (Fig. 1-20d). At the right-hand end of  this free body (sec-
tion mn) we show the action of  the removed part of  the bar (that is, the
part to the right of  section mn) upon the part that remains. This action
consists of  continuously distributed stresses acting over the entire cross
section, and the axial force P acting at the cross section is the resultant
of  those stresses. (The resultant force is shown with a dashed line in
Fig. 1-20d.)
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